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Exercise 3 - Numerical methods for fluid-structure interaction
(Winter term 2015)

Exercise 3.1: Show that the do-nothing condition

ρfν∂nv − pn = 0 on Γout (0.0.1)

implicitly contains the pressure normalization∫
Γout

p ds = 0 (0.0.2)

for a straight channel and Poiseuille flow.

Exercise 3.2: Let the following linear boundary value problem be given:

−∇ · (Σ̂lin) = f in Ω̂, (0.0.3)

û = 0 on ∂Ω̂D, (0.0.4)

Σ̂linn̂ = ĝ on ∂Ω̂N . (0.0.5)

Show that finding a solution û of this strong form is formally equivalent to finding a
solution of the corresponding weak formulation where we seek û ∈ V̂ 0

s = {û ∈ H1|û =

0 on ∂Ω̂D} such that

(Σ̂lin, ∇̂ϕ̂)−
∫
∂Ω̂N

Σ̂lin · n ϕ̂ ds = (f̂ , ϕ̂) ∀ϕ̂ ∈ V̂ 0
s ,

where
Σ̂lin = 2µÊlin + λtrÊlinÎ .

Exercise 3.3:

Given

ρ̂s∂tv̂s − d̂iv(F̂ Σ̂(ûs)) + γwv̂s − γsd̂iv(ε̂(v̂s)) = 0 in Ω̂s, t ∈ I,
ρ̂s(∂tûs − v̂s) = 0 in Ω̂s, t ∈ I, (0.0.6)

where ε̂(v̂s) is defined by

ε̂(v̂s) =
1

2
(∇̂v̂s + ∇̂v̂Ts ),

and the damping parameters γw ≥ 0 and γs ≥ 0.

Show that



1. For a stress-free state F̂ Σ̂n̂s = 0 on ∂Ω̂s and (if γs > 0) ε̂(v̂s)n̂s = 0 on ∂Ω̂s, the
following a priori energy estimate holds true:

d

dt

[ ρ̂s
2
‖v̂s‖2

Ω̂s
+

∫
Ω̂s

W (Ê) dx̂
]

+ γw‖v̂s‖2
Ω̂s

+ γs||ε̂(v̂s)||2E = 0.

That implies the following energy decay property:

E(t) = E(0)−
∫ t

0

[
γw||v̂s(τ)||2

Ω̂s
+ γs||ε̂(v̂s)(τ)||2E

]
dτ,

where
(ε̂(v̂s), ∇̂v̂s)Ω̂s

=: ||ε̂(v̂s)||2E.

and ‖ · ‖Ω̂s
is the standard L2 norm. Moroever, W is the hyperelastic energy with

the property

Σ̂(Ê) =
∂W

∂Ê
(Ê).

2. What happens with the solid system for γw, γs → 0 or γw, γs →∞?

3. What are physical and mathematical consequences when dealing with non-negative
damping parameters γw and γs?
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