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Numerics of Partial Differential Equations — Tutorial 9

Exercise 9.1
We have the following problem with Neumann boundary conditions:
Let  C R™ be bounded, f € L?(2) and g € L?(0). Then the problem reads:
Find u, such that
—Au=f in (),
Opu =g auf 09.

For the existence of a solution we need the compatibility condition

!f(x) dx—l—/g(x) ds = 0.

[2}9]

Now check whether the variational formulation fulfills the assumptions of the Lax-Milgram theorem
and therefore has (except a constant) an exact solution.

Home Assignment 9.2

We have the following problem with Dirichlet boundray conditions:
Let Q C R" be bounded and f € L?(f2). Then the problem reads:
Find u, such that

—Au=f in Q,
u=~h auf oN.

We assume that a function ug € H' exists with

—Au=f in §,
w=~h on Jf.

Therefore the problem in variational form reads: Find u € H{, such that

(Vi, V) = (f,¢) — (Vuo, V) V¢ € Hy
We can write the solution u to this inhomogeneous Dirichlet problem as
U = ug + U.
Now check whether the variational formulation fulfills the assumptions of the Lax-Milgram theorem

and therefore a unique solution exists.

Home Assignment 9.3

We have the following problem with Robin boundary conditions. Let © C R™ be bounded, f € L?(Q2),
g € L2(09), c € L>(Q) and b € L>(99). The problem reads:
Find u, such that

—Au+cu=f in ),
Opu + bu = h auf 09.



In variational form the problem reads:
Find v € H!, such that

a(u,¢) =1U(¢) Vo e H'
with a(u, @) = / Vu-Vodr +/ cu¢p dr + bup ds,
Q Q

o0
l(gf)):/szfvdx—i—/(i_)gg(bds.

For this we also need an additional condition:

Let Q be a bounded C'-Domain and let ¢ € L>(Q) and b € L>(9Q) be almost everywhere non negative

with the condition
/ cgdx+/ b2 ds > 0.
Q o0

Check whether the variational formulation fulfills the assumptions of the Lax-Milgram theorem and
therefore an unique solution to the problem exists.



